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Abstract Recently, it has been proposed that the Navier—Stokes equations and a relevant
linear advection model have the same long-time statistical properties, in particular, they
have the same scaling exponents of their structure functions. This assertion has been inves-
tigate rigorously in the context of certain nonlinear deterministic phenomenological shell
model, the Sabra shell model, of turbulence and its corresponding linear advection counter-
part model. This relationship has been established through a “homotopy-like” coefficient A
which bridges continuously between the two systems. That is, for A = 1 one obtains the full
nonlinear model, and the corresponding linear advection model is achieved for A = 0. In this
paper, we investigate the validity of this assertion for certain stochastic phenomenological
shell models of turbulence driven by an additive noise. We prove the continuous depen-
dence of the solutions with respect to the parameter A. Moreover, we show the existence of
a finite-dimensional random attractor for each value of A and establish the upper semicon-
tinuity property of this random attractors, with respect to the parameter A. This property is
proved by a pathwise argument. Our study aims toward the development of basic results and
techniques that may contribute to the understanding of the relation between the long-time
statistical properties of the nonlinear and linear models.
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1 Introduction
1.1 Motivation

The GOY shell model [29] and [35], and Sabra shell model [32] are some of the most in-
teresting and most popular examples of simplified phenomenological models of turbulence.
This is because, although departing from reality, they capture some essential statistical prop-
erties and features of turbulent flows, like the energy and the enstrophy cascade, and the
power law decay of the structure functions in some range of wave numbers—the inertial
range. We refer the reader to, e.g., [2, 7, 10, 12, 27, 28], and references therein for several
descriptions and results. Often, in numerical or theoretical investigations, such models are
driven by white noise forces. Both the stochastic GOY and Sabra shell models have the form

du, + (vkju, + b, (u,w)) dt =0,dB,, n=12,... (1

where u, (t) are complex valued, v > 0 is a parameter that represents the viscosity, k, = k¢2"
for some ko > 0 are representing wave numbers, u(¢) denotes the sequence (u,(t)),>1,
b,(-,+) is a complex valued bilinear function of complex sequences u = (u;);>, that de-
pends only on the variables u,_», u,_1, Uy+1, Un+o (Where we impose the boundary condi-
tions u_;(t) = uo(t) =0). g, is a sequence of complex numbers, that are usually chosen
equal to zero for all n greater than some n, (which describes the range of wavenumbers
and consequently the length scales of external forces), (8,),>1 is a sequence of independent
complex valued Brownian motions. A rigorous theoretical analysis of the stochastic equa-
tion (1) and some of its statistical properties have been investigated in [4, 24], while other
rigorous results in the case of deterministic force have been developed in [5, 12—-14]. The
exact form of b, (-,-) varies from one model to another. However, in all the various models
in the sequel we assume that b, (-,-) is chosen in such a way that

> balu, )7, =0, (@)
n=1

for all square summable sequences u = (u,,),,>1 and v = (v, )m>1. Equation (2) implies a
formal law of the conservation of energy in the inviscid (v = 0) and unforced form of (1).

In analogy with the statistical theory of turbulence it is interesting to investigate the
accompanying linear advection equation to (1), that is the linear auxiliary equation in the
unknown w(t) = (w, ()),>1

dw, + (vkyw, + b, (u, w))dt =0,df,, n=1,2,... 3)

where u is the solution of (1), and w, (¢) are complex valued functions. There is an extensive
literature investigating the statistical properties of linear advection (passive-scalar) equations
in turbulent flows, which we do not pretend to cover in this contribution. We observe, how-
ever, that (3) is not the linearized version of (1) about the solution u. This is because the term
b, (w, u) is missing from (3), and an additive force still appears in the right-hand side of (3).
Equation (3) should be considered as an auxiliary equation which, to some extent, may have
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similar statistical properties to those of (1), but is amenable to linear analysis (for instance
the use of propagators). There is some numerical and heuristic evidence that some statistical
properties of the solutions to (3), like the scaling exponents of the structure functions, are
the same as those of the solutions to (1), see [1] and [5]. It is then of interest to understand
the properties of the joint system

du, + (vkju, + b, (u, u)) dt = o, dp,
)
dw, + (vkyw, + b, (u, w)) dt = 0, dp,,

forn =1,2,.... In addition, the following idea has been introduced first in [1] and proved
rigorously later in [5]: one can symmetrize system (4) by means of two additional terms as
follows

duy + (kg + by (u, ) + Ab, (w, w)) dt = 0, dB,
5
dw, + (vkﬁwn + b, (u, w) + Ab, (w, w)) dt = o0,dB,,

where A € R is a parameter, and to analyze the dependence on A of the properties of (5). For
A =0 we recover (4). Observe that for A # 0, setting v = Aw and multiplying the second
equation by X, we have a perfectly symmetric system for the pair (u, v), except for the
force and initial conditions. Thus, to some extent, we would expect that # and Aw have
similar statistical properties for A % 0. If we consider, for instance, the structure function
Sp(k,) = (lu,|”) (we do not specify at this heuristic level the meaning of the averaging
procedure (.)), one might expect, as in the case of turbulent flows, that

Sy (k) ~ ko

for n lies in the so-called inertial range. The numbers ¢, are called scaling exponents, which
are universal in turbulent flows as the Reynolds number tends to infinity, i.e., as the viscosity
tends to zero. Therefore, one possible definition of ¢, is

log S, (k,) _

k)= (0,000 logk, &

where the limit is taken along a region of the form v* < k! < v# for some & > 0 (usu-
ally o = 1) This is in order to ensure that the wavenumber considered are lying in the
heart of the inertial range, as the viscosity tends to zero. Such statistical property, if it
holds for w, it holds as well for Aw with the same value ¢, (and vice versa): indeed,
if $0)(k,) and S (k,) are the structure functions of w and Aw, respectively, we have

S;*w) (ky) = AP Sl()w) (k) and limg, 1,)— 0.00) 121 10 k = 0, which imply the claim. Thus, if the
scaling exponents ¢, exist for both # and Aw (thls assumption seems to be reasonable based
on numerical finding in [1, 5] and the references therein) and are equal (which is reasonable
to assume thanks to the symmetry u <> Aw described above), then they are equal for # and
w. In summary, it is, therefore, reasonable to expect that some statistical properties like the
existence and the value of scaling exponents, are the same for # and w, whenever A # 0.

Finally, it will be of great interest to show that such statistical properties depend con-
tinuously on A, as A — O: if this is true, then the solutions of (1) and (3) have the same
statistical properties of the kind just described above. In particular, if this program is true,
one is sure that results for the simpler linear model (3) can be translated to (1), which will
be a remarkable breakthrough.
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1.2 Content of the Paper

The program above, outlined in [1] and [5], is composed of several steps, some of them
are not easy to be justified rigorously. The first rigorous result has been obtained in [5]
states that: in the case of deterministic forces, solutions of (5) depend continuously on A
in C([0,T]; H x H), for every given T > 0. Here H is the space of square summable
sequences (v,),>; in C. This implies that the structure functions, defined as time average on
any fixed finite time interval [0, T']:

1 T
Sp(kn)zfv/o (|un(t)|p)dt

depend continuously on A. One of the limitations of this result of [5] that it considers de-
terministic forces. Here, we remove this restriction and prove the same result in the case
described above of white noise forces.

Several other issues have to be solved in order to be able to claim that the program
described above is complete. One of the other major issues in [5] is that the statistics is being
considered on finite intervals of time [0, T'] instead of being considered on the attractor,
i.e. as T — oo. The existence of the limit as 7 — oo, in the time average (definition of
Sp(ky,)) of the deterministically forced system is, therefore, one of these issues of [5]. We
do not directly address this difficult problem here, in the stochastically forced case, but we
content ourselves with a structural result about the infinite time horizon properties of (5):
we prove existence of a finite-dimensional random attractor. This is a pathwise property, in
the vein of the property of continuous dependence on A in C([0, T']; H) stated above for
the deterministic case. We hope that this result, or the techniques involved in establishing it,
may contribute to the understanding of the problem of the long-term behavior, i.e. T — oo.
Notice that we construct the random attractor for system (5) for every A € R, hence if we take
in particular A = 0 the first component of the system is decoupled and thus the projection of
the attractor on the first component is the random attractor of equation (1). Thus we prove
in this paper the existence of a finite-dimensional random attractor for the stochastic GOY
and Sabra shell models, as a particular case of a more general result. However, the general
result for system (5) may help to prove further results on the relations between the statistics
of the nonlinear and the linear cases.

Due to the It6 nature of the previous equations, it is clear that other kind of analysis
could be performed, in distribution and average sense instead of pathwise. This will be done
elsewhere. We restrict ourselves here to purely pathwise properties.

The paper is organized as follows. In Sect. 2, we present the functional framework and
prove pathwise well-posedness of system (5), and the continuous dependence of the solu-
tions on A. In Sect. 3, we give some preliminary results about random attractors and some of
their properties. In Sect. 4, we prove the existence of a random attractor for every coefficient
A € R, its upper semicontinuity with respect to A; and finally that the random attractor has a
finite Hausdorff dimension.

2 Well-Posedness and Continuous Dependence on A
2.1 Functional Setting

Let us introduce the following spaces of complex valued sequences; we consider them as
vector spaces on the field of real numbers. The space H is the space of /> sequences over
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the field of complex numbers C:
H= [u = (Uy)p>1: Uy, € Cforalln > 1 and 2:|u,1|2 < oo}
n=1

It is a Hilbert space with the inner product (u, v}y :=Re ) -, u, U, and the norm given by
lul?, = Z:il |u,|?. Let us recall that we have defined k, = 2"ky, n > 1, with ky > 0 given.
We introduce now the Hilbert spaces D(A) C V C H defined as

[o ]
V= !u €EH: X:k,21|l,tn|2 <oo]
n=1

with norm [|u]|2 = >"°2  k2|u,|*. Moreover, for all @ > 0, we define

n=1"n

o0
D(A%) = [u €H: Y kiu,|* < oo}.

n=1
On the latter space we define the linear operator A*: D(A*) C H — H as
(A*u) =k *u,, forall ue D(A%).
The operator A® is self-adjoint and strictly positive definite:
(A%, u), >kg*luly;, forall ue D(A%).
We also observe that the inclusion maps of D(A) C V and V C H are compact embeddings.
We finally introduce the bilinear operator B(-,-):V x V — H. For the GOY shell model it
is defined as
by(u,v) == (B(u,v)),
(1_ 1 _ _ _ _ _ _
= lkn ZvnflunJrl - E(un+lvn+2 + Un+lun+2) + gunflvn72 .

For the Sabra shell model we define it as

i _ _

bn (uv U) = (B(l/t, v))n = gkn+l [(1 + 8)vn+lun+2 + (2 - 8)un+lvn+2]
i _ —
+ gkn[(] - 25)”n71vn+1 - (1 + S)U,,7|Mn+1]
i

+ gknfl [(2 - S)Mnflvan + (1 - 28)“/1721)1171]
(see [12—14]), where § is a real number. In both shell models we impose the boundary
conditions u_; = up = 0. What distinguishes the Sabra shell model from the GOY one is the
dependence of the former on the parameter &, which is in charge for changing its character
from the so-called 2d Turbulence regime to the 3d Turbulence regime, depending on the

definiteness of the sign of a second (in addition to the energy) quadratic conserved quantity;
see [5, 12-14] and [32].
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For both the GOY and Sabra shell models, the operator B(:,-) is a bilinear continuous
operator from V x H to H, and also from H x V to H, as it will be stated in the next lemma.
We also state its basic skew-symmetry property.

Lemma 1 There is a constant C > O such that

|B(”’U)|H <Clullvlvlyg, ueV,veH
and

B, )|, < Cllvllvluly, veV, ueH.

Hence, B(-,-) is a bilinear continuous operator from V x H to H, and from H x V to H.
Moreover,

(B(u,v),v)Hzo
forallueV andve HyorveVandu € H.

Proof The first inequality follows from the fact that

o0 o0

2 2 2 2 2 2 2 2
> K2l Plunl < (supk2lua?) D oal? <l o1,
n=1 n

n=1

and the second inequality follows similarly by interchanging u and v. Having proved these
facts, the expression in the last identity is well defined. The proof of 220:1 Re[B(u,v),v,] =
0 can be found in [4] for the Goy model and in [12] for the Sabra model. O

We will also consider the space V', the dual space of V, which can be identified as

o0
V' = {u = (Up)n>1: Uy, € Cforalln >1, and X:kn_zlu,,l2 < oo}

n=1

with the norm |u|?, := "2 k7 2|u, |, u € V'. Itis clear that H C V', and V" is the dual of

n=1"n

V (with respect to H), with dual pairing between V' and V defined as

(u, v)yry = ReZu,ﬁn, YueV', veV.

n=1

Observe that (u, v)y = (1, v)y.v, whenu € H, foreveryve V.
It is easy to extend the operator A as a bounded linear operator from V to V’. One can
also extend B to a bilinear operator B(-,-): H x H — V'. The definition is possible because

B v}, = Yk B v, [ = c*<2|vn|2>(su;1>|un|2)

n=1 n=1
[o¢] o0
sc*<2|vn|2)<2|un|2)=c*|u|i,|v|%,. (6)
n=1 n=1
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We also have (B(u,v),z)y.y = —(B(u,z),v)y forall u,ve H,z € V by Lemma 1 and a
density argument.

Define H=H x H, V=V x V and D(A"‘) = D(A%) x D(A%), fora > 0. If x =
(x1,x1) € H and y=01,y) € H, we define the scalar product in H as

(X, ¥y = x0 yhu + (x2, y2)m
and the norms in H and V as
% = lxily + xalf, x=(.x)eH
03 = x5 + Ixally,  x=(x,x)eV.
Moreover, define the linear operator A: D(A~) CH— H,oralso A : \Z -V, as Ax =

(flx 1, AXp) zind, f~0r every A € R, define the bilinear continuous operator B; from V x H to
H orfrom H x V to H as

B (x,y) = (B(x1, y1) + AB(x2, y1), B(x1, y2) + AB(x2, y2)),

where as usual we have used the notation x = (x, x), y = (y1, ¥2). The main properties of
the operator B, are listed in the following lemma, whose proof is an easy consequence of
Lemma 1.

Lemma 2 There is a constant C > 0 such that
‘Bx(u, v)‘g <Cllullylvlg, forevery ue V,veH,
and
|1§,\(u, v)|[_~, <Clvlylulg, forevery wve V,uecH.
Moreover,
(Bx(u v), > =0 forallueV veH or veV,ueH.
2.2 Well-Posedness, Stochastic Flow and Pathwise Version in A

Let (0,) be a sequence of complex numbers such that

> kFlowl* < 00 )

for some ¢ > 0. This is a standing assumption for the sequel.

Let 2 be the space of continuous functions from R to A, null at zero, endowed with the
metric of uniform convergence on compact sets. Let F be the Borel o -field associated with
Q. Denote by (W(?)),cr the canonical process defined on 2 as W (¢, w) = w(t), for every
w € Q. Let P be a probability measure on (€2, F) such that (W (t)),>o and (W (—t)),>¢ are
P-a.s. two independent Brownian motions in H with the same covariance. We call P a
two sided Wiener probability measure and (W (¢));cr a two sided Brownian motion. Such
objects exist, for every given covariance operator, and play an important role in the theory of
random dynamical systems, see [3]. Details on infinite-dimensional Brownian motions and
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their stochastic integration can be found in [19]. We will also denote by E the expectation
on (2, F, P).

For simplicity of the computations, and in analogy with equation (1), we assume that the
components (W, (1));cr, for all n > 1, of the two-sided Brownian motion have the form

W, (t) =0y ﬂn (t)

where B, (t) are independent two-sided complex Brownian motions on (2, F, P) (with in-
cremental covariance equal to one) and (o) is the sequence given above.

On the probability space (2, F, P) consider the family of transformations {6, : Q2 —
Q, t € R} defined as 6,0 = w(t + ) — w(t), for every w € Q. They are measure preserving
and ergodic with respect to P, and satisfy 68y = Id, 6,1, =6, o 0, for s, t € R, see [3].

Let (F;):cr be the filtration associated to (W (¢));cr (F; is generated by W (s) for all
s <t).

Given initial conditions u, wy € H, let us first rewrite system (5) in the abstract form

du* = [—vAu* — B(u*, u*) — }»B(w*, u)‘)]dt +dwW
dw* = [—vAwA — B(u*, w)‘) — )»B(w)‘, wk)] dt +dwW
u*(0) = ug

w*(0) = wy.

®

We consider the above Cauchy problem on [0, co). Using the notation of the previous
section, system (8) can be rewritten as follows

dii* + (vAi" + B, (", @*))dt =dW, @*(0) =i ©)
where i*(f) = (u* (1), w* (1)), iig = (ug, wo), W(t) = (W (), W()). As an introductory step,

let us first give the usual definition of solution of (9); however, we will eventually need a
more refined notion of solution, that we will introduce in Definition 4 below.

Definition 3 Given iy € H, we say that a stochastic process i (t, w) is a solution of (9) if
it is a continuous adapted process in H on (2, F, (F;);>0, P) and, for P-a.e. w € €2,

i"(,) e C([0,T]; H)NL*0,T; V) forall T >0

(ﬁ*(t,w),w)g+/o i (s, @), Ap)y . ds

+/0 (B (i (5, ), @ (5, ), ¥)  ds = (fio, V) g + (W (t, 0), ¥);
fort > and ¢ € V.

Notice that i*(s, w) € V for ae. s > 0, hence the integral of the bilinear term is well
defined.

The above definition is sufficient to analyze individual solutions, but the theory of random
attractors requires the concept of stochastic flow: the P-negligible set where the properties
of the above definition may not hold, that is, it must be independent of i, and for P-
a.e. w € 2, moreover, we will also need continuity with respect to the initial value . In
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addition, here, we want to “vary” the parameter A independently of w: a priori this is not
possible, again because the P-negligible set where the properties of the previous definition
hold, may depend on X. Both problems can be solved because it is possible to perform
a complete pathwise analysis of the equation. Let us, therefore, give a more appropriate
definition of solution for (9), which is relevant to the above mentioned issues.

Definition 4 A stochastic flow depending on A € R, associated with (9), is a family of
mappings {¢” (¢, ®) : H—>H;1>0, 0’ re R}, where Q° € F is 6,-invariant and
P (%) = 1, with the properties:

1. forevery A € R and i € H, (1, 0) > @*(t, w)iiy (arbitrarily extended to all w € Q) is a
continuous adapted process in H on (2, F, (F;)>0, P) and for every w € Q° we have

¢* (-, )ity € C([0, T1; H) N L*(0, T; V), forall T >0,

and
(o, w)ito, ¥) +/ v(@” (s, it AY); 5 ds
0
+/0 (Br(¢* (5. w)ito, " (5, )ito) Y1) g ds = (o, Y1) g + (W (1. 0). )

fortanndt/feV; ~
2. for every A € R and w € Q°, ¢*(f, w) is a continuous map from H into itself, for all
t > 0; and

ot + 5, 0) = o™ (t,0,0) 0 *(s,w) forallz,s>0.

To emphasize the role of ° in Definition 4, we will consider stochastic flows depending
on A € R, defined on the set Q0.

We have the following result. The concept of uniqueness of stochastic flow depending on
A means: if we have two stochastic flows, defined on two sets Q? and Qg, then they coincide
on a set Q9 € F such that P(Q3) = 1.

Theorem 5 Under assumption (7), there exists a unique stochastic flow depending on . € R,
in the sense of Definition 4, associated with (9).

Proof

Step 1 (preliminary facts). Denote by e the analytic semigroup generated by A (see,
e.g., [33]). By the general theory of analytic semigroups or by explicit computation based
on the spectral representation, for every o > 0 we have |A“e‘“A’ lg < %" for some constant
C, > 0. Moreover, notice that ||x||; = | A"/%x||; forall x € V.

The process A*/2W () has H-components (A*2W (t), A*>W (1)) where A*/>W (1) has
complex components ko, B, (). Thanks to assumption (7) it follows that A¢/ 2W(t) is an
H-valued Brownian motlon Thus it is y-Holder continuous, with respect to ¢, in H, for
every exponent y < i, see [19]. This means that there exists a set QO € ]-' such that
P(Q )=1and A*2W(t,w) is y-Holder continuous for every exponent y < %, for every
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o € QY. The set QY is 6,-invariant, because Holder continuity is preserved by transla-
tion.

Step 2 (auxiliary Stokes type problem). The pathwise analysis of (9) requires a careful
analysis of an auxiliary process. The process we are going to introduce is usually defined as

! - ~
2= [ e ai),
0

but from this definition via a stochastic integral (which is a P-equivalence class) it is less
easy to justify the 6;-invariance of certain properties, on a full measure set Q°. For this
reason we adopt the following less intuitive definition. See [23] for further details on this
approach.

Let w € Q%, be given throughout this step, where SZ(‘:V has been defined in step 1. The
function ¢ > z(f, w) given by

3t w) = e "MW (t, w) +/ uAe—W‘(f—“(W(r,w) — W(s,w))ds, (10
0

is well defined and bounded in V, because (for ¢ that is given in assumption (7)) we have
le MW, )|y = [AV2Pe M AP (W (t, 0) — W0, 0)|
|A1/2—8/2e—1u&t|ﬁ|A£/2(W(t’ w) — W(O, w))’,:,

1 v
t12-e/2" 7

IA

IA

c

for every 8 < % and a suitable constant C > 0 that depends on 8 and w. Observe that in

the last estimate we used the details described in step 1 above, in particular, the Holder
continuity. Similarly

/ Aefv’&(’f‘”(ﬁ/(t, ) — W (s, a))) ds
0

14

t e ~ ~ ~
5/ |AY2e 27V AT=) A2 (W (2, 0) — W (s, )| ds
0

t
1
B
5/(; C(t TR (t —s)’ds.

The above estimates imply that ||Z(¢, w)||; is bounded on the interval [0, T'], for all T > 0
given, and the bound depends on T and w.
It is easy to deduce that

<Z(t,a)),\/f>ﬁ+/(; v(Z(s, @), Ay 5 ds = (W(1r, @), ¥) (11)

forallt>0and ¢ € V.
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698 H. Bessaih et al.

Step 3 (auxiliary Navier-Stokes type random equation). Let w € 9, be given, and let
Z(t, w)) satisfy (10) or (11). Let us introduce the auxiliary random differential equation

dv* (t, w)

Tt VAT (t, ©) + By (0" (t, 0) + E(t, ), T (t,0) + (1, @) =0 (12)

for t > 0 and (0, w) = iiy.

For every w € Q%, and A € R, there exists a unique weak solution v* (-, ) = 0* (-, w, iig)
of (12) (the definition of weak solutions is similar to Definition 4) and it depends continu-
ously, in C([0, T]; ﬁ) NL*0,T; V) norms, for any given 7 > 0, on the initial condition
iy in H. A full rigorous proof of this statement is very long, but at the same time it is very
classical. Similar detailed proofs are given, for instance in [4, 22], and in [11] or [34] in
the case of the classical Navier—Stokes equations (i.e., when z = 0). The rigorous detailed
proof is based on the Galerkin approximation procedure and then passing to the limit using
the appropriate compactness theorems. These classical computations can be found in the
above references. Moreover, similar computations will be performed in the second part of
the paper for the existence of the random attractor.

Step 4 (existence of the stochastic flow). Forevery A e R, 1 >0, w € 9(‘)4/ and i € H, define
@ (1, w)iig = 0 (1, w, i) + Z(1, w)

where ”(-, w, ily) is the unique weak solution given in step 3 and Z(-, ) is defined in
step 2. The set Q%, is 6;-invariant and P(Q(‘},) = 1. Property 1 of Definition 4 is a direct
consequence of the analogous properties of *(-, w, ity) and Z(-, @) proved in steps 2 and 3.
As to property 2 of Definition 4, given A € R, w € QY. t >0, the continuity of ¢*(z, ®)
inHisa consequence of the continuous dependence of v*(-, w, iiy) on iy, see step 3. The
property

¢ (1 + 5, )itg = ¢* (1, 6;0)¢" (5, )il 13)

for all 7, s > 0 follows from the uniqueness statement of step 3 and the following property
of the process W(t, w) = (W(t, w), W(t, w)), W(t, w) = w(t),

W(t,0,0) =00(@) =w(s +1t) —w(s) =W(s +1,0) — W(s, o).
Step 5 (uniqueness of the stochastic flow). Let ¢’ (¢, w) be a stochastic flow depending on
XA € R, associated with (9), defined on a 6;-invariant full measure set Q?‘ Consider the 6,-
invariant full measure set 29, described in step 2 above. The set Q9N QY, is ;-invariant and
P(Q? N Q?v) =1.Forallwe Q? N Q%, define
U (t, . o) == ¢ (1, w)ilg — Z(t, w).

From the properties of <p]* and Z it is trivial to check that f)l*(-, w, lig) is a weak solution
of the auxiliary equation of step 3. Of course we have ¢} (1, w)iig = U} (¢, w, ity) + Z(t, w).
Now, let <p§ (t, w) be another stochastic flow depending on A € R, associated with (9), with
its 6, -invariant full measure set Qg The function

U5 (t, w, i) = ¢} (t, )ity — Z(t, ®)
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defined for w € Q)N QY, is a weak solution of the auxiliary equation of step 3. Thus, for w €
QYN QYN QY, we have ¥} (1, w, ihg) = V) (t, , iig) because of the uniqueness of solutions
for (12), for every w € QY,. Hence, ¢} (t, w)iig = @5 (t, w)iio for all w € QYN NQY,. Since
P(QYN QN QY,) = 1, the proof is complete. O

In step 5 of the previous proof we have obtained also the following representation result,
which will be useful in the next section.

Corollary 6 Let ¢*(t, w) be a stochastic flow depending on A € R, associated with (9),
defined on a 6,-invariant full measure set Q?. On the 6,-invariant full measure set Q%V de-
scribed in step 2 of Theorem 5, one can define the functions Z(t, w) and v*(t, w, tiy) accord-
ing to steps 2 and 3 of that proof. Then, on the 0;-invariant full measure set Q° := Q(l) N Q%,
we have

@ (1, w)itg = U (1, @, i) + (1, ).
2.3 Continuous Dependence with Respect to the Parameter A

As above, we assume condition (7). The uniformity in the initial condition of the next state-
ment will be used to prove the upper semicontinuity of the random attractor with respect to
the parameter A.

Theorem 7 Let ¢*(t, w) be the stochastic flow that was established in Theorem 5 and Corol-
lary 6, associated with (9) and depending on the parameter A € R. Let Q% ¢ F, P(Q%) =1,
be a 0;-invariant set where all the properties of Definition 4 and Corollary 6 hold true. Then,
for every w € Q°, we have

lim sup sup |¢*(t, w)itg — ™ (t, w)ikg|;; =0
A=%0 GyeB 0<t<T

forall T >0, Ao € R and all bounded sets B C H.

Proof We prove the theorem only in the case Ao = 0, the general case being the same. The
elements w € Q% and T > 0 are given and fixed throughout the proof, as well as the bounded
set BC H.

Step I (preparation). Denote by (u* (¢, w, iig), w* (¢, w, fip)) the decomposition of * (¢, w)iig
in H=H x H, and by (1, wy) the decomposition of the initial value ii,. Where it is nec-
essary, we will shorten the notation and write («* (), w*(¢)) and apply analogous change of

notation to other similar quantities.
From the weak integral equation in Definition 4 and the definitions of A and B, we have

(u* ), 1/’1>H +/0 v{u’ (s), Aw'>v,v’ ds

+/ (B(u*(s), u*(8)) + AB(w" (s), u* (5)), ¥1), ds
0
= (o, V1) u + (W (t, ), Y1),
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forall t > 0and ¥, € V and
t
(w0 el + [ vl o). Ava), . ds
0

t
+/ (B(u*(s), w*(8)) + AB(w (s), w*(5)), ¥),, ds
0
= (wo, Y2)u + (W1, 0), ¥2),,»
for all # > 0 and ¥, € V. Let us define the new function
A P ~ A ~
q"(t,w,ig) :=u"(t, w, ilg) + Aw”(t, w, i)
and the corresponding difference
Pt w, i) =g (t, 0, i) — q°(1, w, i) = ¢" (1, w, iig) — u’(t, w, il).

The above quantities are solutions, respectively, of

(g @, ), + /0 vig*(s), Ayn), \ ds + /O (B(g* (). 4" (), ¥n),, ds
= (o + Awo, Y1) + (1L + (W, @), ¥1),,.
fort >0and v, € V, and

("), Wz)H + /0 v(p (), Aw2>v,v’ ds

+ [ (B 6.6 + BE61.46) ~ B 01,0 ) v ds
= (\wo, ¥2) i + MW (1, @), ¥2)
fort >0and Y, € V.
Step 2 (bound on g*). Let us prove next that

)\. ~
sup sup sup |q (t,w,u0)|H < 00.
re[—=1,1] ageB 0<t<T

Define
VN, 0, o) i= g (t, @, o) — (1 + M)z (t, w),

where z(f, w) is any one of the two equal components of z(f, w) given in Corollary 6. We
have

(v*(z),wl)HJr/ v{th (), Avn)y, . ds
0

+ / (B(*(s) + (1 + 1)z(). V" (s) + (1 + V)z(s)). Y1), ds
0

= (uo + Awo, V1) m,
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for all t > 0 and v, € V. Formally, this implies

1d

527l P < (B + 4+ bz 0+ (1 +02). 7,

)

and thus
I, N 2 1 2
E}v (t)|H+VA- ||v (s)||vds55|ug+Awo|H
+/ (B0 (s) + (1 +1)z(s), V" (s) + (1 + V)z(s)), V" (s)),, | ds.
0

Rigorously, the above inequality can be proved either by general abstract theorems (see
[34]) or by taking finite-dimensional (i.e. with finite many components) test functions v,
performing the computations at the finite dimensional level and then taking the limit, which
can be justified because the map

s> (B0 () + (1 +1)2(5), T (s) + (1 + 1)z()). T (5)),,

is integrable. Thus, from Lemma 2 and the bounds on z(#, w), given in step 2 of the proof of
Theorem 5, we have, for t € [0, T'],

1 ! 1
3 |W([)|i] + u/ ||W(s)”?/ ds — 5|u0 + )\woﬁl
0
52/0 (B0 (s) + (1 +1)z(s), 2(5)), V" (5)),, | ds
¢ [[FOLTO+0+0:0), 0], ds

< C(w)/0 [T )], ([ )], + C(@)) ds,

where C(w) depends on the bounds of the relevant norms of z(-, ) over the interval [0, T],
which in principle is also depending on 7. By Gronwall lemma we deduce

[v*(t, , o), < C(@) - [77(0, w, i1g) |,
on [0, T], for a new constant C (w). This implies
lg*(t, w, iip)|, <2|2(t, )|, + C@) - |ug + Awolu.

on [0, T], and the claim of this step is proved, using again the bounds on z(-, w) over the
interval [0, T'].

Step 3 (convergence of p*). Next we prove that

lim sup sup |p*(z,a), ﬁo)’H =0.
4=0 jioeB 0<i<T
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In one sentence, this is a consequence of the various bounds, that we have established pre-
viously, and the fact that the initial condition Aw, and the forcing term AW (¢, ) converge
to zero, as A — 0. Define

M (t, @, i) := p(t, w, itg) — Az (t, ®),

it satisfies

(0*(0). ¥n),, + / V(0% (5), A¥a)y, ,, ds
0

+ [(B@ 0.5 0) 4 B 6).4°0) = B 51,57 0)). v2)
0
= {Awo, ¥2) i,

for all t > 0 and v, € V. By virtue of Lemmas 1 and 2, we have

i}A

(Ba". p"). 0")y| = |(B(a". 22). 8");, | < CIalNzIv[a] [0 -

Thus, using both the bound on z(-, w) on [0, T'] and the bound of the previous step, there is
constant C;(w) such that

(B, %), %), | =22C1 (@) + [0},
for all iy € B and ¢ € [0, T]. Similarly,

o b

(B(p*.4"). 9"),| = [(B()" +22.9%).4%),| < C

V‘qx’H( H+|)\'||Z|H)

Va2 ~
55 * v T Caw) *

2 A2
uT ?Cz (),
for some constant C,(w), and

[(B(p*0"). 9},

= |(B(3* + Az, 22). 8%),,| < CIAllzllv| D"

w ([0 + 12112l )

< [MC3(@)|0*] , (|9%] , + 1M C3(@)) < IMC3(@)|8*[, + AP Ca (@),

for some constant C3(w). Hence, from the equation in weak form for 9" (and similarly to
the proof of step 2 above) we deduce, for A € [—1, 1],

1 AN 2 v !
510 (z)},,+5/0

1 ! R 1
< Elkwolé +f (C4(w)|vA(S)|2 + k2<1 + ;>C4(w)> ds,
0

*(s) ||f/ ds

for some constant C4(w). By Gronwall lemma we get

lim sup sup |Ol(t, w, ﬁ0)|H =0,
2=0 jGoeB 0<i<T

which implies the claim of this step.
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Step 4 (convergence of w”). With the notation £*(¢, w, iig) := w*(t, w, iig) — w(t, w, ip),
let us prove that

lim sup sup |&*(t, w, iig)|,, =0.
A=0 GoeB 0<i<T

We have

<$A(t),1ﬂ),_1+/0 v(E (), AY), ds:/o (B(u’(s), w'(s)), ¥),, ds
- /0 (B(u*(s), w*(8)) + AB(w (s), w*(s)), ¥),, ds
:/0 (B(g"(%), w’(5)). ¥), ds—fo (B(g"(s), w*(9)), ¥),, ds

:_/0 (B(pA(S),wO(S)),I//)HdS—/O (B(¢" (), 6"(9)), ¥),, ds,

for all t > 0 and ¥ € V. As in the previous steps we deduce that
1 t
Sl +v [ 1ol ds
0
< [ B0 000 ). £, lds + [ (B 0. 600).6 ), lds

t
< [ @l 1€ @ ] 0, ds.
Hence,
1 ! c (!
el +3 [eold =S [ luollrof,da
This implies the claim of this step.

Step 5 (convergence of u*). We simply notice that
ju* (1) —u’ @], = |a" @) — ¢° @) — 2 @)] .
therefore, by the results of steps 3 and 4, we have

lim sup sup |u*(t, w, ito) — u’ (1, , iig)|,, = 0.
—05yeB0<i<T

The proof is complete. O

3 Random Dynamical Systems

In this section we recall few definitions from the theory of random dynamical systems. For
general notions and results see [3], and see [9] for analogous concept for non-autonomous
dynamical systems. Here, we mainly refer to specific notions from [18]. Similar notions are
also given in [17].
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3.1 The Basic Set-up

Let (X, d) be a Polish space. Recall that the mapping ¢ of Definition 4 is called a random
dynamical system (RDS) on X over (2, F, P, 6,).

Definition 8 A closed random set K is said to absorb the set B C X, B is fixed non-random,
if there exists a random variable 75 (w) such that, for P-a.e. w € 2,

o(t,0_;0)B C K(w) forallt> tp(w). (14)
The smallest 75 (w) > 0 for which (14) holds is called the random absorption time of B by K.

Remark 9 Note that ¢(¢, 0_;w)x can be thought of as the position of the trajectory at time O,
which was in x at time —f.

Definition 10 A random set A(w) is called a random attractor associated with the random
dynamical system g if, for P-a.e. w € €2, the following is satisfied:

1. A(w) is a nonempty compact subset of X,
2. o(t, w)Aw) = Ab,w), YVt >0,
3. for every B C X bounded (and non-random)

lim dy (¢(t, 0_,0) B, A(w)) =0
=00

The following theorem about the existence of random attractors is due to Crauel and
Flandoli [18].

Theorem 11 Suppose there exists a closed random set D which is absorbing every bounded
non-random set B C X, and for which D(w) is a compact subset of X for P-a.e. w € Q.
Then, there exists a random attractor for ¢.

Remark 12 In Crauel [16] it is shown that, under the ergodicity assumption on 6;, there
exists a compact set K(w) C X such that, for P-a.e. w € 2, the random attractor is the
w-limit set of K (w), that is,

Alw) = ﬂ U(p(t, 0_,0)K (v).

n>0 t=n
3.2 Random Attractor Dimensionality

We are interested in the property of finite Hausdorff dimensionality of the random attractor.
The two most relevant results for this purpose are the works of Debussche [20, 21]. We apply
the result of the second one of these papers, based on a property called random squeezing
property, which was inspired by the squeezing property in the deterministic case that was
introduced in [26] (see, also, [15] and [31]). This property is also used in the proof of finite
number of determining modes see for e.g., [6, 25]. The fact that the random attractor is not
uniformly bounded makes the corresponding random squeezing property depend exponen-
tially on a random variable. However, an ergodic argument will make it possible to work
with this weaker property.
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Definition 13 [20] Let H be a separable Hilbert space with norm |.|y, ¢(f, ®) a random
dynamical system in H with random attractor A(w). We say that ¢ (¢, ) satisfies the random
squeezing property if there exist a random variable Cs(w), a finite-dimensional projector I1
in H, and positive numbers u, 6 such that, for P-a.e. w € €2,

Mo, wug — Mg, w)vo|, < e 5@ |y — vy (15)

and

(1 = T (92, 0o — @&, @)vy) |, < (€7 + 5o SEE) 1y — vy (16)

for every ¢ > 0, and every ug, vy € A(w).

Theorem 14 [20] There exist absolute constants K, K,, K3 such that if ¢ (t, ®) is a random
dynamical system that satisfies:

(i) the random squeezing property, mentioned in Definition 13, with a random variable
Cs(w), a finite-dimensional projector I1 and two positive numbers |1, §, and
(ii) the expected value with respect to the measure P

E(Cs(w)) <oo,  8<K, and pu>KE(Cs(w)),

then, for P-a.s. w € Q, the random attractor A(w) of ¢(t, ) has finite Hausdorff di-
mension which is less than K;R(IT)log R(IT), where R(I1) is the rank of the projec-
tor T1.

4 Application to the Shell Model

In Theorem 5 we have constructed, for every A € R, a random dynamical system ¢*(z, w)
associated with (9). In this section we prove the existence of the random attractor associated
with ¢*(t, w). At the end of the section we also prove that the random attractor, as a function
of X, is upper semi-continuous. For the upper semi-continuity of deterministic attractors with
respect to a parameter see, e.g., [30].

4.1 Auxiliary Problem

As in step 2 of Sect. 2.2, we will introduce an auxiliary Ornstein-Uhlenbeck process. This
is a slightly different process but will have mainly the same properties as the process intro-
duced in step 2 of Sect. 2.2. Following the steps of Sect. 2, let QY, € F introduced in Sect. 2.
Let @ > 0 be an arbitrary constant. For w € Q‘av, let

(t, w) :f WA + al)e~ VAN (W (¢, w) — W (s, ) ds (17)

o]

which is well defined and bounded in V.
The process z%(7), t € R is a Gaussian, stationary and ergodic process. Moreover, it is a
solution of the equation

dze(t) = (—vA — )Z% () dt +dW (1), (18)
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i.e. forall t € R and P-a.s.

! T ~
() = / e VAT g (s). (19)
—00
Moreover,

} _ ) 00 o0 k
E|z0|; = E|AVz 0[5 = EZ ()’ =Y ey < O

n=1
by using the isometry formula for the It0 integral.
Furthermore, E||z¥ (t)II%7 tends to 0, when o — oo. In particular, there exists a,(v) > 0
such that
El=0)} <2 forall aza @1
V'~ 8C. -
where C, is the constant in the inequality (6).

4.2 Absorbing Compact Set

Let € QY be given and let us introduce the random differential equation

dv(t, )
dt

+ VAL, w) = — B, (8(t, 0) + 2(t, @), B(t, 0) + 2°(t, ©)) + @ (1, ). (22)

Notice that in fact U depends on «, because z* depends on «. It is not difficult to prove,
using a Galerkin method, that for each w € Q(v)v and 1y € R, with U, (w) € H is given, there
exists a unique solution v (¢, w) defined on [#y, 00) to (22) such that

5(t07 (,()) = 5[() (a))v (23)

and such that 9(-, w) € C([to, 00), H) () L*((to, ), V). We refer to [22] for more detailed
computations.

Let us define (,ok(t,w)zl,O = 0(t, w) + 7°(t, w), where ¥ is the solution of (22) with
Uy (@) = iy () — 2%(t0, ).

We would like to prove the existence of a compact absorbing set in H at time t = 0.
Through this section we will take B to be a bounded set in H, and that for any tp € R we
will assume ii(fy) € B; moreover, v is the solution of (22) and (23) with vy, (w) = it (ty, w) —
Z%(ty, w).

Letto<—1landt e[—1,0].

Lemma 15 Let v, € H and 7 be a solution of (22) associated with the initial condition vy;.
Then, for all ty < —1 and for all t € [—1, 0]

t
<2 - 2 [T QC )z 0“d d 3 ()| — 0¥
’v(t)|1_~,§|v(to)|l_~,ef’0( 2% ()5 — )s / f(s)efs(zc*uz Olg=S5>dr gg. (24)

fo
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where
f@):= ac, |~"‘(t)|H+—|~°‘(t)|H,
and C, is the constant in the inequality (6).
Proof As before, the proof is formal and can be made rigorous by applying the Galerkin

approximation procedure. Let us take the inner produce in H of (22) with ¥ to obtain

<LZ >+v(Av D) = (Ba(ﬁ—i-i"‘,17+Z°‘),17>+ot<2°‘,6>.

Using Lemma 2, inequality (6) and Young’s inequality, we estimate the right-hand side of
the above and get

(B, (D + 2%, 5+ 2%, )| = |- B,.(3, D), %) — By (3%, ). 2%)|
< ||B.(®, )]

= G (112 5 + 190 2 )

w205 + 1B (G 0)] 412°1 4

2C2 .
< Culdl |2 g + S 0003 + =[] 5)

For the other term we apply the Cauchy-Schwarz and Young’s inequalities we have

- kov . 4o 02
o2, 9)| = a2 191 < Z= 190 + 2 - (26)
Hence, we get that
Id ., v _, P 2C? _, kov 4% 2
§E|v|ﬁ+5||v||vsc*|v|,;||z ””T' h+ 2100 +ko—v|z PR
Using the Poincaré-like inequality v||17||%/ > vk0|17|i.1, we get
d ~2 ~12 || ~a 4C3 ~a |4 k()l) 80[2 ~a|2
2100 =200 |2y )y — =10l Jrko—v|Z F
We integrate over (f, t) and get
|v(t)|H |v(t0)|H /<2c |z (r)}-——>| ()|Hdr+/ f@r)dr.
1
Using Gronwall Lemma we get the result. a
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Lemma 16 Let o > «, (v), such that (21) holds. Suppose that the assumptions of Lemma 15
are satisfied, and let f be given by Lemma 15. Let

! OV
Ri(w):=1 +/ f(s)ef.f@C*HZ”(mlv—“’T)d’ ds
—0o0

then, the ball B(0, R‘l)(a))) C Hisan absorbing set at time t € [—1, 0], for the system (22).

Notice that in principle R(w) depends on «, however, if we fix o = ap := 20, (v)
(see (21)) then R} (w) will depend only on v and the statement will still be valid.

Proof Using the ergodicity of the process z* we have that

1[0 o
. / 1) g ds = oo EIZ“O)5,  P-as.
tO 1o

Hence, there exists so(w) < 0 such that for every 7y < so(w),

1 0
[ IE©lyds <20 28
Ty 1

Then,

k 1 [0 k
exp<t0<%v + 5/‘ 2C, |’g“(s)”‘~/ds>> < exp<to<%v — ZC*E”ga(O) Hv)>
0

Moreover, thanks to (20) and (21) we have for all o > «,,
|0, < 2. (29)
v 8C,

Hence, for every ty < so(w) and o > «, one has

; kov n 1 /OZC ”~oz( )H J - ; kov
ex -+ = « ; <expltoo~ ).
p{ % 2 f o s Vv s p OSC*

In addition, see [22] for more details, one can easily prove that there exists an a.s. finite
random constant C;(w) such that

|Za(f)|,:, <Cy;(w)|t|, forallt<—1. (30)
Let us assume that the bounded ball B C H is inside a ball of radius p;, then
|i(to)| ; < p1.  forallp <0.

Hence, for every #y) < so(w) and « > «,

- B k y L
505 < |“(’0)|2exp<tog%i> + |z"(to)|2exp<to%>

t
QO ()~ 2
+/ F(s)elk Qe Olg="Fdr g¢

o
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kov
< (pi + C3(@)to]?) exp<f080C )
+/’ F(s)el QOO =8dr g
—00

Now choose s;(w) < 0 such that (,012 + C72(w)|t0|2) exp(toé%) <1, for all 7y < s;(w), and

let us denote by t5(w) = min{sy(w), s1(w)}, then we get that the integral inside R} (w) is a.s.
convergent and that for every t < tz(w)

-2

[0 < Ri(w).
Hence, the ball B(0, R (w)) is an absorbing ball at time 7. This completes the proof. |
Lemma 17 Suppose that the assumptions of Lemma 15 are satisfied, and assume that o >

o and |so(@)| is large enough such that (29) and (28) hold, respectively. In addition, assume
that vy, € V, then for every ty < tg(w), there exists Ry(w), P- a.s. bounded, such that

0
[ 150l dr < o),
where

L p=—1) ’ Y s o kov
Ry(@):=-R|" )+ | fOdi+ | Ri(@)|2C.)Z*$)|; +—= ) ds.
Vv -1 -1 v 2

Notice again that in principle R,(w) depends on «, however, if we fix o = oy := 20, (V)
then R, (w) will depend only on v and the statement of Lemma 17 will still be valid.

Proof Integrate (27) over (—1, 0), then use Lemma 15 to estimate |17(—1)|§;. O

Lemma 18 Assume the assumptions of Lemma 17 are satisfied, then there exists R3(w),
P-a.s. finite such that

[50)]3 < Rs(w),

where
e ps s 2 a2 207 2
Ry() == (Rz<w>+ / (20*(R‘1(w>+ @)+ = (s>},;> ds)
-1
0
x exp(/ 2C2 (R} () + |Z"‘(s)}2)ds).
-1

Proof Let us take the inner product in H of (22) with AD, we get

1d ~ ~ - -
Eanﬁné +v|A = —(Bu (0 +2% 0+ 2%), Ab) + oz, AD)

< Cu|By (42,0 +7%)| 514Dl 3 + «|2°] ;AT
H

- 402
Aol + a2y o+ 2 + e
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In the above estimate, we have used Lemma 2 and the Young’s inequality. Hence,
2 2 ! 2 2
Iﬁﬂwofﬂﬁwwa+/‘ﬂﬁﬁvf+yvﬂﬂwﬁwvw
s

+[(zc3\a<r>+za<r>|2u 0+ 2w )

Using Gronwall lemma, we get

2 js’zcz\u(;)h“(rnz dr

[5[; < [5)]5e

t 2 ) )
+ [ (200 + @Il + 2wl ) A

Therefore, for t = 0, we have

2 0 2CE15(r)+2% ()1, dr

[505 =< [56)]5e
2 =~ /- =2 / ’
+/ <2Cf’f)(r)+Z"(r)’2”2“(r)”é+%’Z(r)‘;)af’(uc’%l”(”“ (5 dr dr.

Now, we integrate over (—1, 0) to obtain

2 2
|50 < (/ 5|5 ds+/ <2C2|v(s)+z(s) %]z (s)||§+%|z“(s)|§>ds)

x exr)(/ 2C2[0(s) + Z“(s)|§1ds>.
-1

Consequently, we use the estimate of the preceding lemma to complete the proof. ]

Lemma 19 Let ¢*(t, w) be a stochastic flow associated to (9), defined on a 0,-invariant
full measure set Q‘f On the 6;-invariant full measure set SZ%, described previously, one can
define 7°(t, w) and v(t, w, ly), say for a given fixed @ = oy := 2, (v) (see (21)). On the
0,-invariant full measure set Q0 = QO N QO we have

O (1, )it = (t, , o) + 2% (1, @),
and for all w € Q°, there exists a compact absorbing set at time 0 in H for o (t, w).
Proof We have proved in Lemma 18, that the ball B(0, R3(w) is an absorbing set at time 0
in V, which is compact in H . Hence, defining K () :={u € V: ||u||2 <R3 + 17900, w) ||% }

concludes the proofs. D

Theorem 20 For every value of the parameter ) € R, the random dynamical system ¢*
associated to the equation (9) has a unique global random attractor A; (w).

@ Springer
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Proof Using Theorem 11 and the existence of a compact absorbing set in H, we have the
existence of a random attractor A, (w) which is forward invariant. U

‘We can now apply Theorem 2 from [8]. The statement of this theorem is composed of two
parts, the first one devoted to the convergence of the random attractor to the deterministic
one as the intensity of the noise goes to zero; the second one to the upper semicontinuity of
the random attractor when the parameter of the noise varies with continuity to some non-zero
value. We apply the second part. The assumptions of the second part are: i) the existence
of the random attractor for every fixed value of the parameter, ii) the P-a.s. continuous
dependence of trajectories on the parameter, in any fixed finite interval of time, uniformly in
the initial conditions taken from any fixed non-random bounded set. Both assumptions have
been proved in the previous sections. Thus we get the following final result.

Theorem 21 Let A; (w) be the random attractor associated with equation (9), then there is
upper semicontinuous convergence of A; () to Ag(w) as . — 0:

lim dyy (A (), Ag(@)) =0 with P-a.s.
2—0

4.3 Random Squeezing Property

In this section, we are going to establish that the random attractor of the random dynamical
system ¢ associated with (9) has a finite Hausdorff dimension (notice here that for simplic-
ity of notation, we dropped the superscript A in ¢*. Let & and ¥ be two solutions of the
associated equation (9), then the difference & — v is solution of

d(ii — )

o + VA — D) =—B, i, i — D) — B,.(ii — D, D). (31)

Lemma 22 Let I1 be the orthogonal projection on the first n eigenvectors of the operator A.
Then,

ITT(@(t, @)ito — (1, @)50) | 5 < I — Tol g ¥ o Fr)ds (32)

(I = D) (¢, )it — 9 (1, @)i0) |5

2
~ ~ —kp1vt «/EC JoLR1 05 @)1+ S5 Ry (65 () ds
< — ~ n+1 - o L1 Ws v 110
= |u() U()|H<€ + ((Ukn+1)3/2>e s (33)

where C, is the constant in inequality (6), and C is the constant in the inequalities in
Lemma 2, for all t > 0 and all iy, vy € A(w), where Ry = Rit:m given in Lemma 16, say for

a given fixed o = ag := 20, (V) (see (21)).

Proof We multiply (31) by &z — v, and use inequality (6) to obtain

1d )
Sol@—of;+v|@-ol; < (5.6 -5.9).a@- )
- U
<3lG@ =95+ 5|8~ 5.9)]5,
= sl@=o; + 55l - o100
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Using Gronwall lemma, we obtain

(1) — 5[4 < |iitt0) — B(to) e & 0
Now, using the invariance of the attractor, if we take i, vy € A(w) then i (¢), v(t) € A(6,w),
and therefore by Lemmas 15 and 16 we have

(1, w)itg — (1, )|y < liig — Tol%e o RiGserds (34)

for all # > 0 and all &g, Vg € A(w).
Recall that IT is a projection on the n-dimensional subspace of eigenvectors of the oper-
ator A, we have

M(p(t, )it — (1, w)T0) [ 5 < |@(t, )itg — p(1, @) To| 5.

Let Q := I —II, it commutes with A but not with BA.
Let us apply the operator Q to (31), then using Lemma 2 and the Poincare inequality we
get

Lio@ -l +v]0@- o} < [(0(B.a.7 - ). 06— )
2 dt

+|(Q(By.(i — 7, 9)), Qi — b))
< (|B.Gi i —0)| 5 + |Brt@ — 3, 0)| 5)| QG — D)

c . . - - -~
fmlu—vlg(lluller||v||v)||Q(M—v)||V

=slea-ol; +

S =2 (1~12 ~12
s U|M_U|g(|”|‘7+|v|(/)~

Now, using the Poincare inequality on the left side of the above inequality we get that

2 ~ ~ ~ ~
—IQ(u — D)+ k| QG — D) < Sl — ol (al + 151).

Hence,
06— D))}, < |- D)) - kn+1”/ |06 = D)) ds
1o
c? [
. —/ | — 5[5 ()% + |5)[2) ds
kn+]\) fo

Using Gronwall lemma we get

|G — ﬁ)(t)|i-1 <|oa - ﬁ)(zo)&e*knﬂv(f*fo)
C2

kn+l v

[ et - ool (al; + ool ds
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Let us take 7y = 0 and ¢, vy € A(w) , then we have, thanks to Lemmas 15 and 16, that

2

o [ e @)@ - D as
0

~ ~ 2 ~ ~ —
| Qi — D) ()| 5 < litg — Tyl e~ 1" +
kyy1v
n+1

We use (34) in the above inequality to obtain

oG - D))

2 t
/ e*knﬂv(f*S)Rl(Qs (w))ef(f %Rl(f?r(w))dr dS)

~ ~ 12 —k t
< litg — Dol g | e +
kn+1v 0

- c? Ca !
< iy — U0|2~ e Fnt1vt —(ef(; TRI(‘)s(w))dﬂ) e*kn+lv(l*»?)RI (9s (w)) ds ).
" knt1v 0

On the other hand using Cauchy-Schwarz inequality and the fact that ,/x < ¢* for all x > 0,

t , 172/ pt 172
/ e—kn_*_lv(tfs)Rl(@S(w)) ds < (/ e—Zk,,+1v(rfs)) (/ [R](Os(a)))]z dS>
0 0 0

1\
< eJoIR1@s @)1 ds
2kn+lv

Combining all the above estimates we get that

2
P 2 AR TRD. N R S v2c JELR1 (65 (@) 12+ S£ Ry (65 (@) ds
@ —=0)(t)|5 <o — Vol7 | e """ + ———=elolt1 v RS .
0 = Vo =Tl (ky1v)2

4.4 Finite Dimensionality of the Random Attractor

In order to be able to apply Theorem 14 we need to show that E(Cx(w)) < oo, where

C,
Cr(@) =[Ri@] + —Ri(@). (35)

is the exponent in equation (33) of the squeezing Lemma 22. This is because Cy (w) plays,
in our case, the role of C5(w) in Theorem 14. Here R, (w) = R itzO} (w) given in Lemma 16
(see also Lemma 22), say for a given fixed o = «p := 2, (v) (see (21)). In order to get
the finite expectation of Cy, i.e. E(Cy(w)) < 0o, we need to estimate the moments of the
radii R;.

Proposition 23 Let C, > 0 be the constant in the inequality (6), yo = vkg, and ag = 206, (v)
(see (21)). Then the stationary process Z, that solves of the equation

dz, = —(A + ap)z, dt +dW,
satisfies
E[e™ Sz lpdr] < Crero@),

20512
C*Ha()ll‘;
foralls <t <0, where C, =E[e *0 ]< o0.
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Proof By Young’s inequality we have

.5
Collz s = 2700t —5) ”Z _Grllzlly <o)+

2~2
2z

20 4yo(r —s)’

therefore,

c21z 12 v

E[eC I lpdi] < o= g, = G “.

Thus, it is sufficient to show that

2012
- C*\Lr\l‘;

E[e™ 5 w4 < ¢,
Thanks to Jensen inequality we have

2z H 2z H

E[ T I T o dt.

~(rt— s)
Since Z, is a stationary process then it follows that

R’ ikl
E[e 0 ]=E[e 410 ] < 00,

thanks to (21). The proof is complete.

Let us recall that

R} (w) _1+/ f(s)ef QC. 13 I-15Y )drds

where

}4

f@):=

and that R|(w) = Ri’:O}(a)), which, as it has been remarked in Sect. 4.2, depend on the pa-
rameter «. Hereafter we choose o = op = 2, (V) (see (21) and Proposition 23). Therefore,

the relevant results of Sect. 4.2 are valid for this choice of «.
Lemma 24 Let vy and ag be as in Proposition 23. Then
E((R1(@))’) < o0
and by the Cauchy-Schwarz inequality
ER) () < 0.
Consequently,
E(Cy) < o0,

where Cy/(w) is given in (35).

@ Springer
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Proof First we observe that using successively Jensen inequality, Fubini Theorem and
Holder inequality yield

0 ! 2
E(Ri()’ = E(l +/ F(s)elt CCEDI-"ar ds)

0 2
<2+ E</ F(s)el QoEDI= 2 dr ds)
—00

kg

0
< 2+E/ f(s)262ff)(2c*|\z(r)\|* $dr g
—00

0
§2+/ E(f(s)zezj?(zc*\|2(r)|—"OT”)dr)ds

o0

0
< 2+/ (Ef(s)4)1/2(E64f-*0(zc*”z(r)u_I%)dr)1/2dS.

oo

The process 7 is stationary, thus

E(f(9)*) =E(f(0)).

All moment of a Gaussian random variable are finite, hence

E(f(0)*) < o0

Now, using the preceding estimates and Proposition 23 we conclude that

0
E(Ri@) <2+ (Ef %) f (Eel GCEOI-2kmdr) 12 g
—00

0 ! -
<24 (Ef(0)4)1/2 / okovs (Ee(/f’ 8CL 20l d,)l/z ds
—00
o 1/2 0 0.
<2+ \/Zz(Ef(0)4) / ekov="2)s 7o
Since yy = vko, then

E((R1(@)?) < o0,

and the proof is complete. ]
As a consequence, we have the following theorem

Theorem 25 Let K, K, and K3 be the absolute constant stated in Theorem 14. Let n be
large enough such that

Vv2c?

) <Ky, and kyv=K,E(Cy),
n+1
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716 H. Bessaih et al.

where Cyy is given in (35), for « = ag = o, (V) (see (21)). Then, P-a.s. the random attractor
A (w) of the random dynamical system ¢* associated with (9) has finite Hausdorff dimen-
sion which is less than Kznlnn.

Proof The proof follows from applying Theorem 14 for u = (vk\/i% and 8§ = k,,4;v. Then

by virtue of (36) all the assumptions of Theorem 14 are satisfied. Hence, we get that P-a.s.
the random attractor A, (w) of the random dynamical system ¢* associated with (9) has
finite Hausdorff dimension which is less than K3n Inn. This completes the proof. |
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